The Geometry of Trend (Regression) Analysis **Draft
04-16**

[rob rucker 2008]

The purpose of thistutorial isto enableyouto do trend analysis, emphasizing the geometry of the variablesunder consideration. To
me, trend analysis means describing how variables influence each other both mathematically as well as geometrically. More
specificaly, I'll show you how one variable, called by various names such as: the response, observation, dependent, or outcome
variable, can be predicted/estimated from others (called predictors). Once the predictionis made, we will determinejust how good
that estimateis. Alongtheway youwill see how variables can be represented by vectors, directed line segments in space, and how
the angles between those vectors can be calculated. Thiswill let us visualize correlation coefficients, which are measures of the
goodness of your prediction. This visualizationaspect of this analysis, beyond prediction equations, allows determination of the
configuration of the represented variables, that is, their relativelengths and the angles between them. This provides both an interpre-
tation of the contributionsof variousvariables, aswell as areality check on any proposed model.

My mantrais. if | can represent something then | can critiqueit, and geometry iscrucial for representation.

Note : If you have only a couple of minutesfor this, et me suggest you read just the snippets below, either Micro-Cut to the Chase,
or the more pedestrian Cut to the Chase. Additionally, there is a simpler and earlier example of trend analysison this site called:
Business Trend Analysis that might be a better starting point. ( | have a little more description of that tutorial in a following
section).

m Suggested Background for this Tutorial

Mostly, reading this tutorial just takes interest and a resistance to being overwhelmed, although a little math background wouldn't
hurt either. | am assuming that you know how to add and subtract Vectors, how to do a Dot product, what a Vector Space means,
how it' s represented, and, how to project vectors onto Vector Spaces. If these are hazy ideas to you, check out other tutorialson this
site, such as Trigonometry Basics and Vector Arithmetic and Vector Operations. In any event, at least just check out the diagrams
sincethose carry aimost al of the meaning of the regression approach.
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m Micro-Cut to the Chase - (An Overview for People with No Time)

Calculate your regression equation by a geometric analysis of representative vectors of your variables - there, wasn't that easy!
See the picture "End Goal Diagram" below for a picture of the goal of the geometric approach.

0.k, alittlemore detail: Distinguish one variable as the oneto be predicted, call it the dependent variable ( maybe revenue?), and
the others as the predictor variables, (sales and cost)?

Represent your variablesby columns of their data, that is, by vectors.Then, transform the data of each vector by subtracting off its
mean, resulting in what is called 'centered data'. All vectorsin thistutoria will be assumed to be centered. That isarequirement for
the geometric interpretationsto come. Note, you often are after a littledifferent insight, and that is: how do | interpret the predictor
variablesand what are their inter-rel ationships. That too fallsout as a consequence of this geometric approach.

Write the dependent vector as a sum of multiples of the predictor vectors. Find the best multipliersof the predictor vectors by
picking the multipliersthat bring the combination (vector sum) of predictor variables closest to the dependent vector. Call that
best combination of the predictor vectors the prediction vector. The closeness of the tip of the prediction vector to the tip of the
observation vector is a measure of how good the predictionis. Closer is better! An equivalent measure (easier to calculate) of the
goodness of fit of the prediction vector to the dependent vector is the angle between the two. Small angle -> good prediction, large
angle -> poor prediction. The Cosine of thisangleis called the Correlation Coefficient. Cosines of angles run from -1 to +1. Small
angles are close to -1 or +1 while large angles are closer to 0. So correlation coefficientsnear -1 or +1 means 'good fit' while
coefficientsnear 0 mean 'poor fit'. Solving the vector equations will result in the determination of the regression equation coeffi-
cients. That'sit.

[Beware - dl of the above depends on the fact of the dependent vector being linearly related to the predictor variables.( 'Y ou may
have to transform you data set in order to approximate linearity). Consult your domain expert as well as your local captive statisti-
cian asto the reasonablenessof thisassumption!]

m The End Goal Diagram - showing the configuration of the variables

This diagram shows the interrelation of the Sales, Cost, Prediction and Revenue variables represented as vectors. Thisis the
geometric view of the regression equations. The angles between each vector have been calculated and displayed relative to each
other. For example, | have calculated that the Sales and Cost vectors have a 55 degree angle between them. Between Revenue and
the Prediction vector there is a 34 degree angle which in turn tells me the multiple correlation coefficient = 0.83. Having such
pictures gives me some confidencein my interpretationsof results, and gives my clientsa warm fuzzy as well! These calculations,
and extensivediscussion of their meanings, appear later in thistutorial .
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Revenuevector predictedfrom Sales and Cost vectors(all datais centered.
Relative lengths (variability) of cost and sales vectorsare shown.
The Cosineof the angle between revenueand predictionvectorsis
the multiple correl ation coefficient

(predictor)

m Cut to the Chase - (An Overview for People with a Little More Time)

If you don't havetimeto follow al the details presented later in thistutorial, hereis a synopsisof what | will cover that will give
you some idea of the sequence you would normally go through to do a trend analysis.(| have repeated this sequence of phases
using numeric data in the next section). See"TheEnd Goal Diagram” diagram above for the geometry we are working toward.
Note: rather than a strict prediction of one variable by others, you are often after alittle different insight, and that is: how do |
interpret the predictor variables and their inter-relationships. That too falls out as a consequence of this geometric approach,
where you can measure the length and angles of vectorsrepresenting variables, that is, their configuration.

Phase 0. Thisisthe where you decide what variable(s) need to be predicted and what variables you are going to use to make
those predictions. Determining these variables depends on the specific domain and specific situation you are working in. For each
of these variablesyou will need alist of values, collected under the same conditions.

Phase 1. Suppose that you have decided to find the trend of a particular variable, that is, to predict a variable, say Revenue.
Suppose you can't directly control Revenue, but can observeit. Assume you have reason to believethat Revenue depends on, or
can be controlled, by other variables, say Sales and Cost. Suppose further that Sales and Cost are variableswhose values either
you know, can observe, or are easier to measure. So, what you have availableis your set of observationsof the variable Revenue,
aong with matching data sets of what are calledthe predictor variables, Sales and Cost.

Phase 2. To predict Revenue you can now write a (linear) equation. Thisis a major assumption that will require some additional
investigationto determine if there really is a linear relationship between your variables ( or at least an approximate one). Thisis
where varioustransformationsof you data (log, square root, ArcSin. . .) comein, to try to make therelationslinear. So, if you want
to go ahead, then the next thing to do is to write down a tentativelinear equation as below:

prediction = bl » Sales + b2 % Cost; (» this scaled sum of the two variable,
Sales, and Cost, this is the prediction variable,
which predicts revenue when you plug in specific values for Sales and Cost =)
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where bl, and b2 are unknown real numbers, but you can calculate them from your lists. ( How you could do thisis shownin the
tutorial below, but for now just assume you could). Now that you have b1, and b2, you can plug in any Sales and Cost values into
the equation above and get a resultant prediction of a Revenue value. So now you can predict Revenue, given Sales and Cost
values. Note that you actually get b1 and b2 by solving a vector equation as described below.

Phase 3. How good is your prediction?Now, to actually find b1 and b2 abovel did haveto solve some equations. The approach |
use isto write vector equationsinvolvingthe variables and then use geometric reasoning to derive the equations. In text books you
will find formulasthat reach equal conclusionsfollowingan all-algebrai c approach.

To check out how good my predictionis, | ook again at the vector equation represented by the prediction equation above. There
are a couple of ways to answer the "goodness of fit" question. The simplest way is to calculate the angle between two vectors, the
Prediction vector and the Revenue vector.

That angle between the observed Revenue vector and the Prediction vector will tell you how close they are to each other. That
closeness measures the strength of their correlation. A small angle, the closer to zero the better, meansagood prediction, whilea
90 degree angle means your predictorswon't help at all to predict the observed Revenue values. The cosine of this angle between
the prediction vector and the observationvector iscalled the Correlation Coefficient, often written as 'r'. Cosinesrun from +1 to -1.
Small angles ( close predictions) correspond to cosines near +1 or -1 whilelarge angles ( poor predictions) correspond to cosines
near zero.

Further, the square of the correlation coefficient is often calculated and is called the coefficient of determination, R2. Thisgivesyou
another measure of the 'goodness of fit'. It can be interpreted as the proportion of total variability of the dependent vector accounted
for by the prediction. For acorrelationof, say, 0.82, which correspondsto an angle of about 34 degrees, then R? = 67 %. (That is
the angle shown in the End Goal Diagram above).

That'snot a great correlation, but its' |ots better than just using the average of the revenue valuesto predict other revenue values!
Itredlyisthat simple!

m Cut to the Chase Summary

Going through the three phases above yields a trend equation (also called a regression equation) that allows you to predict one
variablefrom others. In addition, looking at the vector equivalent of the regression equation allows cal culating the cosine of the
angle between the dependent vector and the prediction vector. That givesyou a measure of the goodness of fit,( how good your
predictionis), called the correlation coefficient. Representing your variables as vectors also allows a visual check on the feasibility
of your proposed model as well as the spatia interrelationshipsof al the variables. (1 think about this perspective as a 'sanity’ check
onany results| get). {Keep in mind that this description applies when you work with centered data, and that the data sets are
linearly related).]

m A Simpler and Easier Example of the Regression Approach

Y ou might want to start with an earlier tutorial on the this site called Business Trend Analysis that plotted the revenues from the
training department of a consulting firm, against the month of occurrence of that revenue. There were two variablesinvolvedthere,
months, the predictor variableand revenue, the observation/dependentvariable. Thiswould be called a Bivariate Regression where
"Bivariate" meanstwo variables. Theresult of that tutorial was to show how to calculatethe best line, thetrend line, that predicted
revenues from the month variable. That tutorial is an example of the regression approach in avery simple setting. (Thistutoria also
illustrateshow a scatter plot is generated).
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m A More Balanced Picture - Two Views of Your Data Sets

If thisis your only introductionto regression analysis, | better back up a moment and point out that there are two complementary
ways to graphically represent data that you collect. | have emphasized one way, called plotting in Subject space , but thereis an
equally important approach that is called plottingin Variable space. (Thislatter approach is usually the only one presented sinceitis
the perspective that leads to scatter plots). The word " Subject” shouldn't be interpreted too narrowly. In the socia science literature
thisis often more specifically called Person space reflecting the usual measurement context in which measurements are done on
people. In engineering, this notion of a subject might refer to a turbine whose parameters were being measured, in agriculturethe
'subject’ space could be some plant or animal and its response to various treatments, and in business, | might characterize my
subject space as a 'situation’ whose features | am recording.

To summarize the two views: in statistics, Subjects are plotted in Variable space and Variables are plotted in Subject space.

Thefact that | am emphasizing one way to view multivariatedata doesn't diminishthe importance of the complementary view. Both
arerequired in a professional engagement.

Let meillustratethe two views with the small table of data below. These two views can convenientlybe illustrated by reading the
table either by rows, or reading it by columns. Ok, look at the table below where the three "subjects’ are Jo, Kim, and Zak. |
collected data on these three subjects and interpreted "Y" as the dependent variableand "X 1" as the independent variable. That is, |
might be trying to predict "Y" by using "X1". (I have embedded the Mathematica 6.0 code right in this document since that allows
me to calculate, diagram, and write, al in one context, besides- you might be motivated to get Mathematica and do your own
calculations).

Gidr{{" ", "y, "Xy {"Jo", 2, 4}, {"Kim', 1, 3}, {"Zak", 1, 2}},
Alignnent - Right, Frame -» All ]
Y | X1
Jo|2| 4
Kim|1| 3
Zak |1| 2

m Plot the Subjects in Variable Space ( this is the scatter plot perspective)

Reading across the table, and plotting the data by rows, means that the axes of the plots are the variables, and the points in space,
represented by the rows of data, are the coordinatesof each subject. Thisleadsto what is called a scatter - plot, a textbook favorite.
Noticethat the connectionbetween the X1 ,Y variablesisimplicit, and not easily seen.

The emphasisis on how the subjects interrelate. From this perspective you could detect outliersand could fit alineto the data if that
made sense.
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Graphics[ {Line[{{-.5, 0}, {4.5, 0}}], Line[{{O, -.5}, {0, 4}}1,
Text ["Jo ", {2, 4.2}], Text["Kim ", {1, 3.2}], Text ["Zak ", {1, 2.2}1},
Axes - True, AxesLabel - {"X1", "Y'}, Ticks -> {{0, 2, 4}, {0, 2, 4}},
Pl ot Label -»" Subjects Plotted in Variable Space",
Epilog » Map[Point, {{2., 4}, {1., 3}, {1., 2}}11]

SubjectsPlotted in Variable Space

Y
Jo
4+ .
Kim
.
Zak
2+ .
I I X1
2 4

m Plot the Variables in Subject Space (this is the variables-as-vectors approach)

[This is the perspective emphasized in this tutorial]. Reading down the table by columnsleads to a different picture, where now
the axes are the Subjects, and the pointsin space are the pure variables, "Y" and "X 1". ( Don' t be discouragesif these two perspec-
tives require some mind bending, that' s good for you)! That is, one point in subject 3- spaceis{2,1,1} representingthe"Y" values
of the three subjects. The point {4,3,2} represents the pure variable "X 1", which is composed of the X1 components of the three
subjects. This perspective lets me see the relation between variables Y and X1, such as their relativelengths and more specificaly,
the angle between them tells me the correl ation between them. The Cosine of this angle is the correlation coefficient ( if the data
was centered, which will be discussed later).
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Graphi ¢cs3D[{ Thi ckness [0. 0057,
Line[{{0O, O, 0}, (2/3, -1/3, -1/3}}]1, Line[{{O, O, O}, {1, O, -1}}1,
Text ["Y", {2/3 +.05, -1/3, -1/3}], Text["X1", {1-0.07, 0-.09, -1}]
}, Axes -» True, AxeslLabel - {"Jo", " Kinm', " Zak "},

Pl ot Label - " Variables Plotted in Subject Space",

Ticks -> {{-2, -1, 0, 1, 23}, {-2, -1, O, 1, 2}, {-2, -1, 0, 1, 23}}]

\%

ariables Plotted in Subject Space
- 0

Kir

Just to complete this, let me calculate the correlation between the Y and X1 variables. Correlation is the Cosine of the angle
between them. | will do this explicitly by using the Dot product, scaled by the lengthsof the Y and X1 vectors. 'Norm'.computesthe

length of avector. First | must center the data by subtracting off means as follows.
centeredXl = {4, 3, 2.} - Mean[{4, 3, 2}]
{1, 0, -1.}
centeredY = {2, 1, 1} - Mean[{2, 1, 1.}]
{0. 666667, -0.333333, -0.333333}
Cosi neBet weenYX1 = Dot [ centeredXl, centeredY ]/ ( Norm[centeredXl] * Norm[centeredY])
0. 866025
Angl e = ArcCos [Cosi neBet weenYX1] % 180/ Pi
30.

So, the correlationbetween 'Y and X1 is 0.866 which says that the angle between them is 30 degrees - not bad for just three values!
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m Back to the Tutorial

O.k., to continue. The technical term for what | am about to discuss with you is called Multiple Regression, but don't worry, the
geometric approach you have just seen, generalizes to any dimension and will enable you to understand and cal culate predictions
and correlations(whichis what Multiple Regressionis all about) using mostly just commonintuition.(plusjust a bit of math!). My
approach here is enthusiastically geometric and the aternative ways to approach multivariate statistics, via matrices or computer
packages are not emphasized. However, while not emphasizing calculations, | will show you how you could calculateall the
required parameters, using just a bit of algebra, plus alot of geometry. | do admit to using a general math package though, called
Mathematica. | haven't used it's built in statistical packages, except to verify the geometry based cal cul ationsdone here.

There are two major examples presented in thistutorial. The first is a made-up example showing how revenue could be predicted
from sales and cost information. The second example uses real data to predict the eruption schedule of the Y ellowStone park
geyser named Old Faithful. This example uses what | would call a stepwise approach, first trying just one predictor, and then
adding a second predictor to try and get a better prediction.

For thistutorial, | am going to tacklethe task of trend analysisin two parts: First: showing how to predict onevariablein terms of
one or more others, and second, calculatinghow good that predictionis.

| am going to approach thisfrom the perspective that you have columns of data representing observationsof each of the variables. |
will interpret those columns of data as math objects called vectors.

Once the datais in vector format, a vector equation can be written that predicts one variable from the others, and secondly, the
prediction can be assessed as to how good it is. All this can be done geometrically, as you will see, just using some basic ideas of
vector operations and vector spaces.

Note : Thisdocument was produced using the math package called Mathematica. In its' native format, this document is live,
meaning that any mathematicsin the document is executable. For presentation on the web though, | converted this document to a
pdf format.

Example 1: Revenue Depends on Sales and Cost

Phase 0. The hardest part of trend analysisis to decide what variable(s) you want to predict, and what variablesyou want to predict
with, that is, what will be the predictor variables. For the example here, suppose | want to predict Revenue, as well as atentative
set of variables| am going to use as predictors, Sales, and Cost.

Phase 1. Thedeliverablefrom thisfirst phaseisa prediction eguation that expresses the prediction of the observed variableas a
linear combination of the chosen predictor variables. That is, suppose | am Director of Marketing and am tryingto predict next
years Revenue based on two other variables, say, Sales, and Cost. Further, suppose| have numeric data on Revenue, Sales, and
Cost for thelast 4 years.

Phase one of the trend analysis would result in my developing an equation like the one below. Note that thisis called a linear
equation since each variableis only multiplied by a constant and componentslikethe square of avariableare not allowed. (Thereis
away to handlethese other types of equations, called non-linear regression, but | won't cover that). b1 and b2 are constantsto be
determined. Once | knowb1 and b2 though, substituting in values for Sales and Cost would give me a valuethat would approximate
Revenue.

prediction=bl * Sales+ b2 * Cost

Anticipatingthe geometry insight to come, let me recast the original raw datainan equivalent way, as a vector equation. Suppose
theactual variables were thelists (vectors) below ( suitably scaled). By scaled, | mean that a value of "4" might stand for $40,000.
The reader may recall that these are similar to the numbers from the tutorial Business Trend Analysis although now, | am using
two new variablesto predict Revenue.
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rawevenue = {4, 3, 7, 8, 9}; (» observed yearly revenue data (scaled) =)
rawsales = {1.3, 1.7, 1.6, 3, 5}; (» observed yearly sal es(scaled) =)
rawcost = {2, 4, 3, 3, 4}, (» observed yearly costs or a surrogate for cost (scaled) =x)

Join[{{"rawevenue", "rawsal es", "rawcost"}},
Transpose [{raw evenue, rawsales, rawost}]]//Gid

raw evenue rawsales rawcost

4 1.3 2
3 1.7 4
7 1.6 3
8 3 3
9 5 4

All Subsequent AnalysisRequires that these V ectors be Centered. Subtracting off the means resultsin centered vectors.

Mean [rawr evenue] // N(*» the "N converts nunbers to decimal fornmat %)

6.2

revenue = raw evenue - Mean[raw evenue] // N
(#»31/5 was subtracted from each conponent of the raw evenue vector x)

{-2.2, -3.2, 0.8, 1.8, 2.8}
sales = rawsal es - Mean[rawsal es]; (xcenter the rawsal es vector =)
cost = rawcost - Mean[rawcost] // N, (xcenter the rawcost vector =)

Gid[Join[{{"revenue", "sales", "cost"}}, Transpose[{revenue, sales, cost}]],
Al'i gnnent -» Ri ght ]

revenue sales cost
-2.2 -1.22 -1.2
-3.2 -0.82 0.8
0.8 -0.92 -0.2
1.8 0.48 -0.2
2.8 2.48 0.8

m [|nitial Geometric Insight into MultiColinearity

Right off the bat | can tell how closetogether my two predictor variablesare. In thiscase thetwo vectors
Salesand Cost are 55.8 degrees apart ( as actually shown in the diagram above). How did | know that?

If there were only 3 component for each of these vectors, youwould be in 3-Dimensionsand  could actually measure thisangle
by drawing the directions of the two vectors and using a protractor to measure the angle between them! Since that' s way too easy,
math procedures have been developed to calculatethisangle. To be fair to the mathematiciansthough, the vectors above are in 5-
dimensional space, which isalittleharder to visualize. So, we use some handy toolsthat work in any dimension, namely, the Dot
product between two vectors. ( See the tutorial on thissite called Trigonometry Basics for background as well as the tutorial Vector
Arithmetic and Vector Operations.).

That is, to find the angle between two vectors, | first find the cosine of the angle between the vectors

using the Dot product, and from that, get the angle. Ok, here'sthe calculation. By definition,the cosine of the angle between two
vectorsistheir Dot product divided by their lengths.

Note that the length of a vector is the Square root of its Dot product with itself. So, for example, the length of the sales vector is
Sort[sales. sales]. Note: the Dot product is represented by a"." between two vectors.
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cosi neOf SoneAngle = (sales. cost )/ (Sgrt [sales.sales]* Sgrt [cost.cost])
(*Thi s cosine has additional neaning as
the correlation coefficient of these two vectors )

0.561729

What angle has a cosine of 0.56177? I'll use a built in Mathematica functionthat findsthe angle with that given cosine. Since the
answer isinradians, | convert that to degrees by multiplyingby 180 / Pi

angl e = ArcCos [cosi nef SorreAngl e ] *
180/Pi (» ok, the angle with cosine 0.5617 is 55.82 degrees =)

55. 8245

For the future, 1 will use a built in function called Correlation[] that will calculate the cosine of the angle between ( centered)
variablesdirectly.

Correl ati on[sal es, cost ]
(» this built in function calculates the cosine between centered vectors,
conpare this with with the equivalent Dot product method above x)

0.561729

Question: What is the significanceof a 55.8 degree separation between the Sales and Cost vectors? Since closenessis measured by
the angle between the two variables considered as vectors, 55.8 degrees means they are fairly well separated and | would likely try
to use both as my predictors. If , on the other hand, the angle had been very small between them, say 10 degrees or less, then |
would say that they are highly correlated and, | can most likely use just one of them for my predictionsand not bother with the
other. When the predictor vectors are lying on top of each other, it is called multicollinearityand is a bad thing when not recog-
nized!. The geometry is a way to see this early on and make adjustments.

There are some other gotcha's with vectorsin space that the geometry helps with. Drawing out vector configurationsmay show a
seemingly useless vector actually suppliesa crucial additional dimensional directionthat helps the prediction vector get closer to the
dependent vector.

Along these lines, | can actually figure the angles between al of the vectors and so work out what configurationsare actually
possible. The major danger of regression analysisis just this closeness among predictors which screws up interpretation of results.(-
Here iswhere relying on the numbers produced by statistics package may lead you astray )

Let merepeat : Given the possible calculation of the angles between vectors, you/l could actually construct stick figure models
showing the possible orientationsof the four vectors: sales, cost, revenue, and prediction. (That was the basis for the construction
of the"End Goal Diagram" shown at the start of this doucment.

Note, | don't yet have the predictionvector, but when | do get it, | can find al of itsinter-anglerelationshipsas well. Remember,
the correlation coefficientis the Cosine of the angle between vectors, so to get the actual angle, | need to find the angle with that
cosine. That' s the ArcCos function(read as "the angleswhose cosineis. . .

m Initial Correlations Among the Vector So Far Given

corrsal escost =Correl ati on[sal es, cost ]
(» this built in function calculates the cosine between centered vectors x)

0.561729

angel Bet weenSal esCost = ArcCos [corrsal escost ] » 180. / Pi

55. 8245



geoRegression.nb | 11

corrrevenuesal es = Correl ation[revenue, sales](xcorrelation between revenue and sal esx)

0. 780489

angl eBet weenRevenueSal es = ArcCos [corrrevenuesal es] »180. /Pi
38. 6946
corrrevenuecost =
Correl ation[revenue, cost] // N (xcorrelation between revenue and cost vectors =)

0.207791

angl eBet weenRevenueCost = ArcCos [corrrevenuecost ] »180. /Pi

78. 0071

m Perpendicularity Leads to Least Squares Equations and Therefore, Best Estimates

Here' s where we stand right now. In the matrix below, theleft hand column of numbers are the centered revenue values. Theright
hand side is a column of numbers given by multiplesof b1 and b2 applied to the sales and cost numbers, that is, the prediction
vector. Since there are only two parameters, bl and b2, and 5 equations, there is no way these quantitieson both sides of the equal
signcan al be equal. What | can do though, is make them match as closely as possible by adjusting bl and b2. That processis
called aLeast Squares Fit and is usually how the adjustment is described. Another, equivalent perspective, is the one adopted here.
In the geometric approach | write the left and right sides as vectorsin space and adjust b1 and b2 to get their tips as close together
as possible. Inthe end, both perspectives|ead to the same equations, which lead to the same b1 and b2 solutions.

Cl ear [bl, b2]

prediction = bl % sales + b2 » cost;
Transpose [Joi n[{revenue}, {{"=", "=", "=", "=", "="}}, {prediction}]] // MatrixForm
-2.2 = -1.22bl1-1.2h2
-3.2 = -0.82b1+0.8hb2
0.8 = -0.92b1-0.2b2
1.8 = 0.48b1-0.2b2
2.8 = 2.48bl1 +0.8b2

Here isthe (centered) form of the prediction vector | will use to estimate/predict revenue. At thispoint | don't know b1 or b2 but
will find them using geometricinsight and a littlealgebra.

prediction = bl » sales + b2 x cost

{-1.22b1-1.2b2, -0.82b1+0.8b2, -0.92b1-0.2b2, 0.48b1-0.2b2, 2.48b1+0.8b2}

Now Calculatethe b1 and b2 that will minimizethe error between prediction and the dependent vector

The bl and b2 values are cal culated so that the tip of the prediction vector = bl * sales+ b2 * cost, isas close as possibleto thetip
of the observation vector. The difference between the tipsis a vector itself called the error vector. The "as close as possible”
reguirement means that the error vector is the shortest one possible, it is the unique onethat makes aright anglewith the prediction
vector.(See "The End Goal Diagram” above and noticethat the prediction vector is directly beneath the revenue vector, so that the
error vector is perpendicular to the prediction vector. If the error vector is perpendicular to the prediction vector it is also necessar -
ily perpendicular to both the sales and cost vectors. That is, the error vector is perpendicular to the2-dimensional subspace plane
swept out by sales and cost vectors.

If two vectors are perpendicular, then their Dot product must be zero.Thisfollows because the Dot product is proportional to the
Cosine of the angle between two vectors and perpendicular means 90 degrees, which means Cosine is zero. It works both ways, if
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vectors are perpendicular then their Dot product is zero and if Dot product is zero then the vectors are perpendicular. That
observationisthe key to discoveringthe values of b1 and b2.

m Perpendicularity is used to Determine bl and b2

Since, geometrically,the error vector isthe vector perpendicular to the prediction vector ( whichis expressed by bl * sales + b2 *

cost), as well as being perpendicular to each predictor vector, sales and cost. | can use that geometricinsight whichwill determine
the bl and b2 that do this.

prediction (x here's what | have so far, bl and b2 are unknown x)

{-1.22b1-1.2b2, -0.82b1+0.8b2, -0.92b1-0.2b2, 0.48b1-0.2b2, 2.48b1 +0.8b2}

error = revenue - prediction (x the error vector nust be perpendicular to the
sales vector and to the cost vector,that fact will determ ne bl and b2 «x)

{-2.2+1.22b1+1.2b2, -3.2+0.82bl1-0.8b2,
0.8+0.92b1+0.2b2, 1.8-0.48b1+0.2b2, 2.8-2.48b1-0.8Db2}

m Here are the two equations generated by the two Dot Products

eql = sales. error =0 (* sales vector is perpendicular to error vector =)

2.48 (2.8-2.48b1-0.8b2) -0.82 (-3.2+0.82bl1 -0.8b2) +
0.48 (1.8-0.48b1+0.2b2) -0.92 (0.8+0.92b1 +0.2b2) -1.22 (-2.2+1.22bl +1.2b2) =

eq2 = cost . error =0 (* cost vector is perpendicular to error vector =)

0.8 (2.8-2.48b1-0.8b2) +0.8 (-3.2+0.82b1-0.8b2) -
0.2 (1.8-0.48b1+0.2b2) -0.2 (0.8+0.92b1+0.2b2) -1.2 (-2.2+1.22b1+1.2Db2) ==0

Now, from these two equations, | need to solve for bl & b2. | havetwo equationsand two unknowns, so | can do this! | use a built
infunction of Mathematica to solvefor thetwo parameters.

Clear [bl, b2] (» clear out any previous calculations for bl and b2 =x)
{bl, b2} = {bl, b2} /. Solve[ {eql, eq2}, {bl, b23}1[[1]1]
(1. 63851, -1.04246}
0.k, thissaysto stretch the sales vector by amultiplier of "1.63851" and reverseand stretch the cost vector by "-1.04246".
prediction = bl xsales + b2 * cost (+x Finally!, the prediciton vector =)

{-0.748021, -2.17755, -1.29893, 0.994976, 3.22952}

revenue (x repeated here for convenience %)

(-2.2, -3.2, 0.8, 1.8, 2.8)
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m Correlation Coefficient : Checking out how good the Prediction is

The fairly high correlation, 0.83, shown below, meansthat the b1 ,b2 combinationof the two predictor variables, sales and cost,
do apretty good job of matching the observed revenue vector. All of thisis based on the assumption that the relationship islinear.
If | can convincemyself of that, then the correlation coefficientis highly meaningful. Another common measure of how good the

prediction is, is to square the correlation coefficient and get what is called
R?, thecoefficientof determination R? =

0.68. Thismeansthat 68 % of thevariabilityof therevenueisexplainedby theuse of thetwo predictorssalesand cost.

That value, 68 % is not great, but is lots better than just taking and average of the revenue values and callingthat the prediction!

corrpredi ctionrevenue = Correlation[prediction, revenue]
(» correlation coefficient is the cosine between prediction and revenue =)

0.82878

R2 = corrpredictionrevenue "2

0. 686876

angl eBet weenPr edi cti onRevenue = ArcCos [corrpredictionrevenue ]
180 /Pi (= angle between prediction vector and the observation vector x)

34. 0264

corrpredi ctioncost = Correlation[prediction, cost]

0. 250719

angl eBet weenpr edi cti oncost = ArcCos [corrpredictioncost ] = 180 / Pi
75. 4799

corrpredictionsales = Correlation[prediction, sales]

0.941733

angl eBet weenpr edi ctionsales = ArcCos [corrpredictionsales] %= 180 /Pi

19. 6554

corrsal escost = Correl ation[sal es, cost]

0.561729
angl eBet weenSal esCost = ArcCos [corrsal escost ] % 180/ Pi

55. 8245

The important angle hereis angle of 34 degrees, between the prediction vector and the observation vector.Thisis actualy just a
consequence of the correlation coefficientbeing 0.828 but still, it's niceto see a physical picture emerge.

Let me collectall the anglesas calculated between the variousvectors. revenue, sales, cost and prediction vectors

angl eBet weenSal esCost

55. 8245
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angl eBet weenRevenueSal es

38. 6946

angl eBet weenRevenueCost

78. 0071

angl eBet weenPr edi cti onRevenue

34. 0264

m Drawing the Vector Configurations Using the Correlation Angles - Squashing the Space

Even though the vectors are in 5 - dimensional space, | am going to draw them in standard 3 - dimensional space using the
standard X - Y - Z coordinate system. | can do this since the sales, cost, and prediction vectors are in a 2-dimensional sub-space of
5-space and so | will place them down in a plane within 3-dimensional space.

In other words, | only need 2-dimensionsto represent the sales, cost and predictionvectorsso | will use the

standard X-Y planewithin 3-space to do that. That leavesthe third dimension, 'up’, the Z axis, availableto show the component of
the revenue vector not in the plane spanned by the cost and sales vectors.

. All I amreally tryingto do is to show the angles between the vectors, which only takes 3-dimensions. Notice that | am not
dealing with the original cost, sales, prediction, and revenue vectors since they are 5-dimensional. What | am doing is to use
vectors down in 3-dimensionsto represent each of the above, maintaining their relative angles. .

I know the angle between sales and cost, which is 55.8 degrees, so | will draw two representative vectors with that spread. |
aso know the predictionvector is down inthe same plane, sinceit islinear combinationof the sales and cost vectors. Itis at 75.5
degrees from the cost vector, so | can draw that representativevector down in the same planeas well.

Finaly,| know the angle between the prediction vector and the revenue vector, whichis 34 degrees. | will interpret that vector
as poking up into the 3rd dimension, the Z-direction, at an angle of 34 degrees. So, my representative revenue vector will be 3-
dimensional with its 3rd component poling up at a 34 degree angle.

This configuration isin fact, the basis for the original diagram, "End Goal Diagram”, at the start of the tutorial.

m A Useful Use of Complex Numbers : Angled Vectors in a Plane (Optional Notes)

I am going to use the properties of complex numbers here just because it's easy to describe unit vectors at various anglesin 2-
dimensionsusing complex numbers. For example, the complex number(z = 1 + 1 *I) can be viewed as the vector at 45 degrees of
length Sgrt[2], whilez = 0 + 1* | isthe vector of unit length at 90 degrees. "I" stands for the Sgrt[-1]. Once | have the sales, cost
and prediction vectors laid out in two dimensions, | will tack on a zero 3rd component to place them in 3 dimensions. Finally, |
know the revenue vector would have the same X-Y components as the prediction vector down in the X-Y plane so that leaves me
only how to get its third component up out of the plane. Here's where | use the 34 degree angle between the prediction vector and
the revenue vector to determinethe amount to poke up into the Z direction.

costvec = {1, 0, 0}; (» convenient basis vector of unit length down in the X-Y plane,
representing the cost vector x)

zsc = Exp[l angl eBet weenSal esCost % Pi /180. ]
(xconstruct a sales vector at 55.8245 degrees relative to the cost vector =x)

0.561729 +0.827321 1

Now I' I construct a sales representative vector with the above X-Y coordinatesand a zero Z coordinate.



geoRegression.nb | 15

sal esvec = {Re[zsc], Im[zsc], 0}
(»unit vector at 55.8245 degrees down in the X-Y plane but having a zero Z conponent x)

{0.561729, 0.827321, 0}

The predictionvector liesin the same plane as cost and sales, so I' l put itinthe X - Y planeas well.

zpc = Exp [ | angl eBet weenpredi cti oncost % 180 / Pi ]
(xcal c where the prediction vector lays in the X-Y plane as well «x)

-0.276385 + 0.961047 1

predictionvec = {Re[zpc], Im[zpc], O} (% unit length =*)

{-0.276385, 0.961047, 0}

I know that the revenue vector lies directly above the prediction vector and has the same X-Y coordinates. All | need to doisto find

its height abovethe X-Y plane. Sincel know the angle that the prediction vector makes with the revenue vector, | can use that to
compute a height.

Tan [angl eBet weenPr edi cti onRevenue = Pi /180. ]

0.67518

revvec = predictionvec +
{0, 0, Tan[angl eBetweenPredicti onRevenue = Pi /180. 71}

{-0.276385, 0.961047, 0.67518}

m Compute Relative Lengths of Cost and Sales Vectors

Therelativelengths of two centered vectors can be computed by using their standard deviations. So, based on that, | have made the
sales vector some 1.83 times as long as the cost vector. These lengthsrelate to relative variability. These are only relative lengths,
but do provide some minor additional insight.

stdcost = StandardDevi ation [cost] // N

0. 83666

stdsal es = StandardDevi ati on [sal es]

1.53199

rati osal escost = stdsal es /stdcost

1.83108

= Now draw the vector configurations

predictionRep =
{Text ["prediction", .7predictionvec ], Geen, Line[{{0O, O, 0}, predictionvec}]};
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cost Rep = {Text ["cost

(predictor)", .7costvec], Red, Line[{{O, O, 0}, costvec}]};

sal esRep = {Text ["sal es

(predictor )", salesvec + {.1, 0, 0}], Blue, Line[{{0, O, 0},
ratiosal escost = sal esvec}]};

revenueRep = {Text ["revenue

(observation)", .7revvec ], Black, Line[{{O, O, 0}, revvec}]l};

configuration = {costRep, salesRep, predictionRep, revenueRep};

Show[G aphi cs3D[configuration], PlotLabel -
"Revenue vector predicted from Sales and Cost vectors (all data is centered).
Rel ative lengths (variability) of cost and sales vectors are shown.
The Cosine of the angle between revenue and prediction vectors is
the nmultiple correlation coefficient.
"1

Revenuevector predicted from Sales and Cost vectors(all datais centered).
Relativelengths(variability) of cost and sales vectorsare shown.
The Cosineof the angle between revenue and predictionvectorsis
the multiplecorrelation coefficient

(predictor) /
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Example 2: Predicting Old Faithful's Next Geyser

Old Faithful isageyser inY ellowstoneNational Park that periodicallyerupts ina

spectacular fountain of steam and water, delighting everybody nearby. The park rangers post the next eruption time so that tourists
can planto witnessit. How can they tell though, when the next eruptionwill happen? Ahhhh, they use multipleregression!

I will do this predictionin two phases. The first phase uses just one predictor variableto predict when the next geyser will erupt.
That 'goodness of fit' prediction will be evaluated using its correlation coefficient. The second phase adds a second predictor
variableto seeif | can do better.

Theraw data set isfrom Michael Triola's Elementary Satistics, tenth edition. | used Mathematica to analyzethisvery small data
set plus some geometricinsight.... (I checked my geometric result against hisalgebra and..... they match!)

What I'm lookingfor is an equation that relates the time until next eruption to the duration and height of the current eruption.

Here isthe raw data from Triolas book pg 515, I'm only going to use three columns of data: timeto next (eruption), duration, and
height data. (Noticethat | takeeach column of data and interpret it as avector).

Since | am going to transform this data later, | will describe it as being the 'raw' data or the raw vectors. So, the rawnext vector has
8 components or elements. The first element is the number 92. The corresponding first element of the ranwduration vector is the
number 240 and the corresponding first element of the rawheight vector is 140.

That means that there was a 92 minute interval from a previous eruption that was characterized by a duration of 240 seconds and
reached a height of 140 feet. Spectacular! The last element of the rawnext vector is 87 which means there was an 87 minute
interval from the current eruption that lasted 220 seconds, and reached a height of 150 feet.

rawnext = {92, 65, 72, 94, 83, 94, 101, 87};
(» data vector that showed time until next/following eruption, in mnutes -- %)

rawduration = {240, 120, 178, 234, 235, 269, 255, 220};
(» duration vector of duration of current eruption, (howlong it lasted) in seconds =x)

rawhei ght = {140, 110, 125, 120, 140, 120, 125, 150}; (» vector of
hei ght of current eruption in feet =)
m Presenting the full raw data in tabular format
| abel s = {"next (m n)", "duration(sec)", "height (ft)"};
rawdat a = Transpose [ {rawnext, rawduration, rawheight }]

({92, 240, 140}, (65, 120, 110}, {72, 178, 125}, {94, 234, 120},
(83, 235, 140}, {94, 269, 120}, {101, 255, 125}, (87, 220, 150})

Join[{ {" ", "Raw Geyser Data", " " }}, {labels}, ramdata] // Gid

Raw Geyser Data
next (mn) duration (sec) hei ght (ft)

92 240 140
65 120 110
72 178 125
94 234 120
83 235 140
94 269 120
101 255 125
87 220 150

Looking at the raw data above, the first row saysthat there was an eruption of 240 seconds reaching a height of 140 feet. Thetime
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until the following/next eruption was 92 minutes. The last row saysthat an eruption lasted 220 seconds, reached a height of 150
feet, and the next eruption was 87 minutes | ater.

Phase I: Using One Predictor variable, "Duration" to Predice "Next"

| am going to step though the process for determining the connectionbetween two variables, next and duration. Thisis an example
of what is called Bivariate Regression. | am going to predict the time until the next eruption based on the current duration of an
eruption. Thisresult will give me aline, a'trend' linethat will tell me: knowing duration will give me timeto next eruption. That
connectionbetween next and its predictor variable, duration, can be expressed as a straight line equation as below : Pluggingin any
know or conjectured duration, will tell me the value of next (if , of course, | know the coefficient bl). Further, the Cosine of the
angle between the next vector and the prediction vector, which will be b1 * duration, isthe correlation coefficientand will tell me
how good the predictionis.

Center the Data Before Any Further Calculations, sincethe data must be centered for the geometricinterpretationto be valid.
next = rawnext - Mean[rawnext] // N; (xcentered data - tine until next eruption (mn)sx)
duration = rawduration - Mean[rawduration] // N; (xl ength of eruption (sec.) =)
hei ght = rawhei ght - Mean[rawheight ] // N; (* not= { next, wused in Phase | =)

centeredbi vari at edata = Transpose [ {next, duration, height}];

| abel s = {"next", "duration"};
Join[ {{" ", "Centered Geyser Data", " " }}, {labels}, centeredbivariatedata] //Gid
Centered Geyser Data
next duration
6. 21.125 11. 25
-21. -98. 875 -18.75
-14. -40. 875 -3.75
8. 15. 125 -8.75
-3. 16. 125 11.25
8. 50. 125 -8.75
15. 36. 125 -3.75
1. 1.125 21.25

Theplanisto calculatea prediction vector (whichissimply a multipleof the duration vector) that will be as close as possible to
the next vector. The equation | am lookingfor will be as below:

prediction= bl * duration (* blisa constantto be estimated from the data columns*)

Step 2 : The vectorshere are 8 component vectors which puts them in 8-dimensional space, but, sincethereare only two vectors
here, | can draw them in 2 dimensional space . Thisis so since these two vectors form a 2-dimensional sub-space withinan 8-
dimensional space!

Drawing these two vectors and looking at their relation to each other, gives me additional insight complementary to what | can
get from a statistics package. The primary relation | want to look at here is the angle between them. If the angleis small, then the
duration vector is a good predictor of the next vector. If the angleis large, then knowing the duration vector doesn't help much to
know the next vector. In fact, if the angle between these two vectorsis 90 degrees, knowing duration doesn't help at all, and you
arelookingat independence between these variables.

Step 3: Calculate the angle between the next and duration vectors
The cosine of the angle between these two vectorsis called the correlation coefficient ( usually denoted as 'r' ) which we will
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visualize  presently. The  sguare of r is called
"R%" andistheproportionof thevariability of thenextvector thatisexplanedby thedurationvector.

From the calculationsbel ow you can see that the angle between the next vector and the duration vector is about 22 degrees, which
is quite good. Maybe that's good enough and | don't need to add on additional predictors!

corrnextduration =Correl ati on[next, duration]

0. 925591

theta = ArcCos [corrnextduration] = 180/Pi (» degrees between duration and next =)

22. 2423

m The bivariate regression equation, using centered variables

We are going to estimate the time interval before the next eruption by using values of duration of eruption. We don't know b1, but
will estimate that from the geyser records.

Cl ear [bl]

prediction = bl = duration (x this is an extension of the
duration vector that puts its tip directly under the next vector. =x)

{21.125 b1, -98.875 b1, -40.875 b1, 15.125 b1, 16.125 b1, 50.125 b1, 36.125 b1, 1.125bl1}

error = next - prediction
(»this expresses the m ninmum di stance
fromthe tip of nextEstinmate up to the next vector =)

{6. -21.125 b1, -21. +98.875b1, -14. +40.875 b1, 8. -15.125 b1,
-3. -16.125 b1, 8. -50.125b1, 15. -36.125b1, 1. -1.125b1}

Thedirection of the duration vector is perpendicular to the direction of the error vector and so its dot product will be zero. This
resultsin an equation for b1, which | can solve.

eql = duration. error =0

50. 125 (8. - 50.125 b1) +36.125 (15. - 36. 125 bl) +
21.125 (6. - 21.125b1) +16.125 (-3. - 16. 125 bl) + 15. 125 (8. - 15. 125 b1) +
1.125 (1. - 1.125b1) - 40. 875 (-14. +40.875 bl) - 98.875 (-21. +98.875 bl) =0

m The regression coefficient

bl =bl /. Solvel[eql, bl1[[1]] (* solve for the bl constant that
mnimzes the distance fromthe nextEstimate up to the next vector =)

0. 234061

Now, the predictionvector is:

prediction

{4.94455, -23.1428, -9.56726, 3.54018, 3.77424, 11.7323, 8.45547, 0.263319}
and the predictionequationis:

nextval ue = bl % durationval ue

0. 234061 dur ati onval ue
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Visualizing the Correlation Coefficient

Let me plot the two centered vectors next and duration. What should they look like? Remember, they could have many components
and, infact, these particular vectors have 8 elements. How to plot those? Since these two vectors sweep out a planein 8-dimen-
sional space, it is really necessary only to plot them in that plane! So, the picture can be relegated back to plain old 2-dimensional
space.

When | plot them | will use their standard deviations as a measure of their relative lengths. | calculate these below. Since the
standard deviation of the next vector is about 12 while the standard deviationof the duration vector is about 48, Their ratiois
about4to 1.

st dNext = St andardDevi ati on [next ]

12. 1655

stdDuration = StandardDevi ation [duration]

48.1083

ratioDurati onNext = stdDuration /stdNext

3.95448

Ok, now | want to draw the next vector and the predictionvector. | don't need to use 8 - dimensional space since these two vector

can be considered to lie within a 2-dimensional X-Y subspace of the 8-dimensional space. Further, | don't need their actual lengths,
sinceadll | want the relativeangles between them. A small additional bit of infiormationis that their lengths can be drawn as aratio
of their variabilities.

To keep the prediction vector distinguishablefrom the X axis, | have off set it just a bit.

of fsetAngle = 10 (» 10 degreees, this will get the prediction vector off the X-axis =)

10

z1 = Exp[| offsetAngle = Pi /180. ] (xnext pseudo vector x)

0.984808 +0.173648 1

z2 = Exp[l (theta + offsetAngle) = Pi /180. ] (* prediction pseudo vector ,
the vector that is theta degrees from the prediction vector %)

0. 845799 + 0. 533501 1

Graphics [

{Line[{{-.10, 0}, {0, 03}1}1,
Line[{{0, 0}, {Re[zl], Im[z1]}}], Text ["duration", {Re[z1], Im[z1] +0.02}],
Line[0.25 % {{0, 0}, {Re[z2], Im[z2]}}], Text ["next", .25 {Re[z2], Im[z2] +0.02}]
}

, Axes - True, AxeslLabel - {"X", "Y"}

, Ticks » {{1, 2, 3, 4}, {0, .25, .5}}, PlotRange -» Al ]

Y

duration
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m Writing the Raw Data Prediction Equation

If | wanted to express the prediction equation in terms of the raw data, | need to calculate a constant, b0. Fortunately, that is very
easy as shown below. | calculated b1 from centered data and now | use that to back into the original raw data equation.

m Relating the Regression Equation Back to the Original Raw Data

Up to thispoint | have used centered data and cal culated b1. Y ou might want to know how to express the regression equation using
the origina data. That turns out to be super easy and only requires that you cal culate one more constant 'b0'. That is an easy calcula-

tion shown below.
b0 = Mean[rawnext ] - bl % Mean[rawduration]
34.7698
rawPrediction = b0 + bl rawdurationVariable (x this is the raw data regression |inex)

34.7698 + 0. 234061 rawdur ati onVari abl e

Phase II: Using Two Predictors, Duration and Height

Now I' m going to use two predictor variables, the duration, as well as the height of the water plume. | suppose you could call thisa
trivariate regression, but | won't. The usual descriptionwould be to call thisa multivariate regression. The hopeisto get an even
tighter match between the next val ue and some combinationof duration and height.

Step 2: Now calc the angle between each vector above by using the correl ation coefficient
That is, if | know the correlation coefficient between each vector, | can then calc the angle (in degrees) between them.

angl edur at i onhei ght =
180 /Pi = ArcCos [Correl ation[duration, height]] (xbegrees between duration and hei ght =x)

67. 0802

angl edur at i onnext =
180 /Pi ArcCos[Correl ation[duration, next ]](* degrees between duration and next =)

22. 2423

angl ehei ght next = 180 /Pi ArcCos [Correl ation [height, next ]](* degrees between
hei ght and next vectors =)

74.3733

Note that these three angles pin down the directions of the three vectors relativeto each other. The geometry will tell you when
certain combinationsof anglesare possible or not ( Venn diagrams can't do this).

Now to actually get bl and b2, | make use of the fact that the 'next'

vector minusit's estimate, ‘prediction’ isthe 'error' vector. That error vector is perpendicular to the plane generated by the duration
and height vectors and is therefore perpendicul ar to each.

Taking each dot product and setting that to zero

gives me two equationsin the two unknownsbl and b2. Voilal We're (almost) done.

Clear [ bl, b2, prediction] (xclear out any previous values =)
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prediction = blduration + b2 height;
error = next - prediction;

eql height . error =0;

eq2 duration. error =0;

Thisgives me two equationsand two unknowns, b1 and b2.

soln = Solve[ {eql, eq2}, {bl, b2}1[[1]]
{b1 - 0. 244636, b2 - -0.0982503}

{bl, b2} = {bl, b2} /. soln
{0. 244636, -0.0982503}
' prediction'is the vector, down in the plane spanned by duration and height vectors,

that isclosest to the ' next ' vector. That is, thetip of the prediction vector isdirectly under the next vector. The distance between
themisthe 'error' made in the estimate.

prediction = bl durationVariable + b2heightVariable /. soln
0. 244636 durationVari abl e - 0. 0982503 hei ght Vari abl e
However, thisisthe centered multi-regression egn, now | need to add back in the constant term
to get the uncentered equation.
b0 = Mean[rawnext ] - (bl Mean[rawduration] + b2 Mean[rawhei ght 1)
45. 1049
Timeto next eruption -- The equation we haveis a'plane' a 2-dimensional figure embedded
within 3-dimensional space.
next EruptionTime = b0 + prediction

34.7698 + 0. 244636 durati onVari abl e - 0. 0982503 hei ght Vari abl e
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Pl ot 3D[next Erupti onTi me, {durationVariable, 0, 200}, {heightVariable, 0, 200},
Pl ot Label -»"Tinme until next eruption of AOd Faithful,

using duration and hei ght of previous eruption”,
AxeslLabel - {"duration(seconds)", "height (ft.)", "tine to next eruption(mn.)"}]

Timeuntil next eruption of Old Faithful,
using duration and height of previouseruption

80

{0 next eruption’min)

100
height(ft.)

100
durationseconds)

Example: What isthetimeto the next eruption?1f | plug in a duration of 180 seconds
for thelast eruption that had a height of 130 ft.
then this says that the next eruption will be 76 minutesfrom that last one.
a + nextEstimate /. {durationVariable - 180, heightVariable - 130}

76. 3669

How Good is our Estimate? Ok, | have an estimate of the next time until an eruption. How good does that estimate seem to be? The
correlation coefficientgive a partial answer. Thisis the cosine of the angle between the 'next' vector and the 'nextEstimate’ vector.
Remember the nextEstimate vector is directly under the 'next' vector. Thereisan angle,

call it 'theta, between them can be gotten from the cosine of the angle between them. That cosineis called the Multiple Correlation
Coefficientand | calcit below.

mul ti pl eCorrel ati onCoefficient =
next . (blduration + b2height)/ (Norm[next] Norm[blduration + b2 height])

0. 93086

theta = 180 / Pi %= ArcCos [mul tipl eCorrel ati onCoefficient ]
21. 4307

So, the angle between the 'next’ vector and its estimator,
nextEstimate is about 21 degrees, pretty close! Look back at the angles between duration and next. It was about 22 degrees.
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Hmmmmm, looks like the duration accounts for a lot of the variabilityin the time for next eruption. Maybe just a simple bivariate
regression of next versus duration would work just as well for us?

s Summary of Old Faithful

So, the analysisconsists of findingbl, b1, and b2 so that all of the valueson the left hand side are matched as closely as possible.
Theleft hand sideis a vector, and theright hand sideistoo. There are several ways to find b0, b1, and b2

with the most popular know as least squares analysis. Y ou can calculate these parameters by hand, as | will show later using
geometry, or you can plug these numbersinto a stat package, push a button, and get lots of valuable informationthat you will then
need to interpret.

Phase 2 : Looks at that equation above and says - sure you can write down anything, but how accurately does that equation match

what actually happened, that is how closely doesiit correlate? That is, given the vector of observed Revenues, how close does the

linear combination of the other two vectors match this? This phase requires a judgement as to how closely the observation vector is
correl ated with the combinationof the predictors.

Theerror in prediction relatesto the distance between the tips of these two vectors. Or, another way to see thisisto look at the
angle between these two vectors, the smaller the angle, the better the prediction. The cosine of the angle between these two vectors
iscalledthe correlation coefficient,a most important concept in statistics.

Thetake homeideahereisthat this correlationis a simple geometric judgement involvingfinding the angle between the observation
vector and the vector that is the combinationof the predictor variables.
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